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Abstract 

We present our results on Uniform Price Auctions, one of the standard sealed-bid multi- 
unit auction formats, for selling multiple identical units of a single good to multi-demand 
bidders. Contrary to the truthful and economically efficient multi-unit Vickrey auction, the 
Uniform Price Auction encourages strategic bidding and is socially inefficient in general, partly 
because of a "Demand Reduction" effect; bidders tend to bid for fewer (identical) units, so 
as to receive them at a lower uniform price. Despite its inefficiency, the uniform pricing rule 
is widely popular by its appeal to the natural anticipation, that identical items should be 
identically priced. Application domains of its variants include sales of U.S. Treasury notes to 
investors, trade exchanges over the internet facilitated by popular online brokers, allocation 
of radio spectrum licenses etc. 

In this work we study equilibria of the Uniform Price Auction for bidders with (symmetric) 
submodular and subadditive valuation functions, over the number of units that they win. 
For bidders with submodular valuation functions, we investigate pure Nash equilibria of the 
auction in undominated strategies; we produce a characterization of these equilibria that 
allows us to prove that a fraction 1 — e _1 of the optimum social welfare is always recovered in 
undominated pure Nash equilibrium - and this bound is essentially tight. Subsequently, wc 
study the auction under the incomplete information setting and prove a bound of 4 — \ on the 
economic inefficiency of (mixed) Bayes Nash equilibria that are supported by undominated 
strategies. Finally, for bidders with subadditive valuation functions and under a standard no- 
overbiddvng assumption (that no bidder outbids his value for any number of units), we prove 
a slightly worse upper bound of 4 on the inefficiency of mixed Bayes-Nash equilibria (without 
any restriction on their support). This latter result is shown by an appropriate adaptation of 
a recent technique introduced in [Feldman, Fu, Gravin, Lucier, arXiv : 1209 . 4703 [cs.GT]]. 
For bidders with subadditive valuation functions and under the stated assumption, we also 
give a lower bound of almost 2. 
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Lifelong Learning" (Actions Beneficiary: General Secretariat for Research and Technology), and is co-financed by 
the European Social Fund (ESF) and the Greek State. 



1 Introduction 



We study Uniform Price Auctions, a standard Multi-Unit Auction format, for allocating multiple 
units of a single good to multi-demand bidders within a single auction process. Multi-unit auctions 
are being applied in a variety of diverse trade exchanges, including online sales over the internet 
held by various brokers [23], allocation of radio spectrum licenses [2T], sales of U.S. Treasury notes 
to investors [25] , and allocation of advertisement slots on internet sites (8j . The particular feature 
of the Uniform Price Auction is a single price for every unit allocated to any bidder; this makes it a 
proper representative of a wider category of uniform pricing auctions, as opposed to discriminatory 
pricing ones, that sell identical units of a single item at different prices [23] HE]). As observed by 
Milgrom in [2T], resurgence of interest in auction design is owed to a large extent to the success 
of multi-unit and - particularly - uniform price auction formats. Charging a uniform price for 
identical items, apart from appealing to the intuitive anticipation that identical items should be 
identically priced, it eases the worries of proxy agents that bid on behalf of their employers; they 
do not have to explain why they did not achieve a better price than their competitors. 

The design of mechanisms for auctioning multiple units of a single good to multi-demand 
bidders dates back to the seminal work of Vickrey [3D]. Since then, three sealed-bid standard 
multi-unit auction formats have been identified in Auction Theory [16] [Chapter 2]: the Multi- 
Unit Vickrey Auction, the Uniform Price Auction, and the Discriminatory Price Auction. A 
significant volume of research in economics has been dedicated to identifying the properties of 
these standard formats [23J OH [TJ [25] [3J . All three auctions have the same (sealed) bidding format 
and allocation rule, and have been studied mostly for bidders with "downward sloping" (symmetric 
submodular |17j ) valuations; these prescribe that the marginal value that a bidder has for each 
additional unit is non-increasing. Therefore each bidder is asked to issue such a non-increasing 
sequence of marginal bids for the k available units. The k highest marginal bids win the auction 
and each winning bid grants its issuing bidder a distinct unit. The Multi-Unit Vickrey auction 
charges according to an instance of the Clarke payment rule [5] and is a generalization of the 
celebrated single-item Second-Price mechanism. The Discriminatory Price Auction charges the 
winning bids as payments and it is a generalization of the First-Price Auction. The Uniform 
Price Auction, proposed by Friedman [T2], charges per allocated unit the highest rejected (losing) 
marginal bid. The multi-unit Vickrey Auction for submodular bidders retains the characteristics 
of the single- item Second-Price Mechanism, i.e., optimizes the Social Welfare and is truthful (it is 
a -weakly - dominant strategy for every bidder to report his marginal values truthfully) . Neither 
the Discriminatory nor the Uniform Price auctions are truthful; they encourage strategic bidding. 

One of the downsides of Uniform Price Auctions is the effect of Demand Reduction observed 
in [23, 9 and formalized in a general model for multi-unit auctions by Ausubel and Cramton [T]. 
Bidders may have an incentive to shade their marginal bids for some units, only to win fewer 
ones in a lower uniform price. This effect leads to diminished revenue and inefficient allocations 
in equilibrium. In particular it is known that the socially optimum allocation cannot be generally 
implemented in an equilibrium in (weakly) undominated strategies. Despite this effect, the variants 
of Uniform Price Auctions have seen extensive applications, contrary to the Vickrey auction, which 
has been largely overlooked in practice; implementations of variants of the standard format are 
offered by several online brokers [j] [23] [TS] and are also being used for sales of U.S. Treasury 
notes to investors since 1992 [25]. We also note, that the Uniform Price Auction does retain some 
interesting characteristics: overbidding any marginal value is a weakly dominated strategy, and so 
is any misreport of the marginal bid for the first unit. 

In this paper we give a detailed account of the properties of undominated pure Nash equilibria 
of Uniform Price Auctions. Subsequently, we study the economic inefficiency of pure Nash and 
mixed Bayes-Nash equilibria, incurred by the effect of demand reduction in the former and by 
demand reduction and incomplete information in the latter. 

Contribution. We study pure Nash and (mixed) Bayes-Nash equilibria of the Uniform Price 
Auction. We focus first on bidders with submodular valuation functions and in Section |4] we 

1 Among them, eBay ceased its own variant in 2009. 
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give a detailed description of (pure) undominated strategies in the standard model of Uniform 
Price Auctions. Although these properties are mentioned or partially derived in previous works 
on Uniform Price Auctions, our analysis aims at clarifying some ambiguity between assumptions 
and implications. Additionally, we give a characterization of a subset of pure Nash equilibria in 
undominated strategies, that facilitates our analysis of economic inefficiency later on. 

In Section[5j we study the social inefficiency of pure Nash equilibria (PNE) for submodular bid- 
ders, in undominated strategies, i.e., the Price of Anarchy (PoA) over the subset of such equilibria. 
We derive an upper bound of which states that the auction recovers in (undominated) PNE 
at least a fraction 1 — e _1 of the welfare of the socially optimal allocation. We note here that the 
auction does have a socially optimal equilibrium (discussed in Section [3j but not in undominated 
strategies; undominated PNE arc known to be socially inefficient in general. As noted earlier, 
this is largely due to the effect of Demand Reduction [T], whereby a bidder shades his bids for 
additional units, so as to pay a lower price for the units he wins. Our analysis can thus be viewed 
as a quantification of this effect. For any number of units k > 9, we provide an almost matching 
lower bound, equal to (l — el + f) ■ We also discuss the social inefficiency of the auction for 
k < 9 units. 

In Section[6j we consider (mixed) Bayes-Nash equilibria in the incomplete information model of 
Harsanyi. For mixed Bayes-Nash equilibria that emerge from randomized bidding strategy profiles 
containing only undominated pure strategies in their support, we prove an upper bound of 4 — % 
on the Price of Anarchjj^] 

In Section [7j we move beyond submodular valuations. As noted by Milgrom [3T], there has 
been no previous study of the Uniform Price Auction with bidders that are not associated with 
submodular functions. We take a first step in this direction and study bidders with subadditive 
valuation functions. We do not know yet whether pure Nash equilibria exist or not under subad- 
ditive valuations. Our result, however, applies for mixed Bayes-Nash equilibria; under a standard 
no-overbidding assumption [5J [5J 114] , we prove an upper bound of 4 on their Price of Anarchy, 
using an appropriate adaptation of the technique developed recently by Feldman et al. [llj . This 
bound is only slightly worse than the bound of 4 — | shown in Section [6] for submodular bidders, 
but holds only under the no-overbidding assumption. We also give a lower bound of almost 2. 

2 Related Work 

Multi-Unit Auctions Uniform Price Auctions have received extensive study within the eco- 
nomics community. Noussair [53] and Engelbrecht-Wiggans and Kahn [5] gave characterizations 
of pure Bayes-Nash equilibria under the model of independent private values of bidders, drawn 
from continuous distributions. They also made some initial observations on the effect of demand 
reduction. Ausubel and Cramton formalized demand reduction for a more general model of multi- 
unit auctions in pQ, that allows also interdependent private values. Bresky showed in [3] existence 
of pure Bayes-Nash equilibria in the independent private values model (with continuous valuation 
distributions) for a large class of multi-unit auctions, including all three standard formats. 

Item-Bidding and Combinatorial Auctions There has been a growing recent interest in 
the computer science community in analyzing auction schemes that - although not necessarily 
truthful - have an appealing simplicity and appear to achieve increased economic efficiency in 
equilibrium, compared to what is achievable with truthful mechanisms [5J [H H3J H31 HE] • Our work 
falls essentially within the premises of these works. And even though the Uniform Price Auction 
has been a long known auction format in auction theory, this direction has not been explored so 
far. 

Christodoulou, Kovacs and Schapira initialized the study of Combinatorial Auctions with Item- 
Bidding (a descriptive term introduced later in [5]), where they proposed that each out of a universe 
of distinct goods is sold separately in a Second-Price auction, simultaneously with all other goods. 
Bidders in this game are required to bid separately for each good. They studied this scheme 

2 This improves significantly over a previously shown bound of O(logfc) in 1201 
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for bidders with fractionally subadditive valuation functions, a class of functions that strictly 
contains the class of submodular functions and is strictly contained in the class of subadditive 
one ^PllCEl]. The authors prove in jS] a bound of 2 for the Price of Anarchy of the item-bidding 
scheme, even for (mixed) Bayes-Nash equilibria in the incomplete information mode. They show 
how pure Nash equilibria can be computed efficiently and describe an iterative best response 
algorithm the converges to pure Nash equilibria (albeit not in polynomial time). Bhawalkar and 
Roughgarden showed a bound of 0(log m) for the Price of Anarchy of Bayes-Nash equilibria, when 
bidders have subadditive valuation functions. They also proved a bound of 2 for the inefficiency 
of pure Nash equilibria [2j in the same setting. Hassidim et al. proved welfare guarantees for a 
similar combinatorial auction scheme, that incorporated simultaneous First-Price auctions instead 
of Second-Price ones. First, they proved that a pure Nash equilibrium in this setting exists if and 
only if a Walrasian equilibrium exists, for the underlying market of indivisible goods. Then they 
showed upper bounds of 2, O (log to) and 0(m) on the (pure) Price of Anarchy, for fractionally 
subadditive, subadditive and general valuation functions respectively. For Bayes-Nash equilibria 
with fractionally subadditive valuations, they showed a bound of 4. Finally, some of these bounds 
have been improved in a very recent work by Feldman et al. In it has been shown 

that for Bayes-Nash equilibria and subadditive valuations, the Price of Anarchy is at most 2 for 
item-bidding with First-Price auctions and at most 4 when Second-Price auctions are used. 

The results of [5] [21 H] were partially generalized recently by Fu, Kleinberg and Lavi in [13] . 
They identified a relaxation of the Walrasian equilibrium for markets of discrete goods - termed 
Conditional Equilibrium, which has a natural exposition in terms of the English ascending-price 
auction. They establish its connection with the item-bidding framework for combinatorial auctions 
and prove that item-bidding has (pure) Price of Anarchy at most 2, for every class of valuation 
functions when the simultaneous auctions are Second-Price. Very recently, Syrgkanis and Tardos 
studied in [Tg] sequential First- and Second-Price auctions, motivated by the practical issue that 
supply may not be readily available at once. They showed that sequential First-Price auctions 
are efficient in subgame-perfect equilibrium. In [29] they extended their results in the incomplete 
information setting. Lucier and Borodin 19 analyzed the social inefficiency at (mixed) Bayes-Nash 
equilibrium, of combinatorial auctions for multiple distinct goods, incorporating Greedy allocation 
algorithms. They showed that these auctions have Price of Anarchy fairly comparable to the 
approximation factors of the greedy allocation algorithms, for the underlying welfare optimization 
problem. 

Mechanism Design From the mechanism design perspective, Vickrey designed in [3D] the first 
truthful mechanism for auctioning multiple units "in one go" , so as to maximize the social welfare. 
The Vickrey multi-unit auction is computationally efficient for a bounded number of units. Since 
then, computationally efficient truthful approximation mechanisms for multi-demand bidders were 
given by Mu'alem and Nisan in [22] and by Dobzinski and Nisan in [7J. These works considered 
several different classes of valuation functions much more general than symmetric submodular ones. 
Very recently, Vocking gave a randomized universally truthful polynomial-time approximation 
scheme for bidders with general valuations |31j (a universally truthful mechanism is a probability 
distribution over deterministic truthful mechanisms) , thus almost closing the problem. It is worth 
noting that in these works, the bids are accessed by the allocation algorithms through polynomially- 
bounded many value queries to the bidders, for specific bundles of items (with the exception being 
the case of fc-minded bidders, who have non-zero value for at most k sizes of bundles). 

3 Model and Definitions 

We consider auctioning k units of a single item to a set M = [n] of n bidders indexed by i = 1, . . . , n. 
Every bidder i £ Af has a private valuation defined over the quantity of units he receives i.e. 
Vi : [k] <-> 3fJ + , where Vi(0) = and each Vi is non-decreasing. In this work we consider submodular 
and subadditive valuation functions: 

3 The name "fractionally subadditive" is due to Feige 1101 : these functions had been previously described as XOS 
valuation function in the work of Lehmann, Lehmann and Nisan 1171 . 
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Definition 1 A valuation function f : [k] >— > 3? + is called 

• Submodular i//or euen/ x < y, f(x) — f(x — 1) > /(y) — /(y — 1). 

• Subadditive if for every x,y, f{x + y) < f(x) + f(y). 

The class of subadditive functions strictly contains the class of submodular ones. The following 
are well known facts concerning such functions. 

Proposition 1 Given x, y g [k] with x < y, 

1. any submodular valuation function f satisfies f{x)/x > f(y)/y- 

2. any subadditive valuation function f satisfies f{x)/x > f{y)/{x + y). 

A valuation function can also be specified by providing the marginalv&lue that the bidder obtains 
when one more unit is added to his current bundle. 

Definition 2 The marginal value of bidder i for obtaining the j-th unit is mi(j) — Vi(j) — Vi(j—1). 

Hence, a valuation function Vi can be determined by the vector (mi(l), mi(k)). For submodular 
valuations, it holds that this vector is nonincreasing, m,i(l) > m^(2) > ... > rrii(k). 

For allocating the items to bidders we will study the standard Uniform Price Auction, where 
bidders are asked to submit only non-increasing marginal values for each additional unit. That is, 
every bidder i is required to declare his whole valuation curve as a bid = (&i(l), bi(2), . . . , bi(k)), 
satisfying 6^(1) > 6»(2) > • • ■ > h(k), where bi(j) is the declared marginal value of i, for obtaining 
the j-th unit of the item. A declared bid bi(j) may differ from the actual marginal value mi(j). 
Given a bidding configuration b = (bi, . . . ,b„), the allocation algorithm produces an allocation 
x(b) = (a;i(b), a;a(b), . . . , x n (h)). The (utilitarian) Social Welfare under bidding configuration 
b is defined as the sum of utilities of all interacting parties, i.e., the bidders and the auctioneer 
(whose utility equals his revenue). It equals the bidders' total value for the allocation x(b): 



SW(b) = ^t; < (s i (b)) 



Uniform Price Auction. The allocation algorithm of the Uniform Price Auction is shown 
in Figure [T] and is an instantiation of the greedy algorithm described in [17] . Given a bidding 
configuration b = (bi,...,b„) as input, the algorithm simply allocates the k units to the k 
highest marginal bids. In case of ties, we can assume that there is some arbitrary but fixed tie- 
breaking rule that resolves them. After the allocation is completed, every bidder i pays a uniform 
price p(h) per received unit, which equals the highest rejected bid. That is, if under bidding 
configuration b, bidder i is allocated Xj(b) units in total and the uniform price is p(b), i pays 
a total of Xi(h) x p(h). The utility that i derives under b is u;(b) = Vi(xi(h)) — Xi(h) x p(h). 



This auction format always admits pure Nash equilib- 
ria for submodular bidders, and in fact we can construct 
an efficient equilibrium as follows: let x* = (x*, a;*) 
be an optimal allocation^] of units to the bidders. Con- 
sider the profile where any winner i of at least one unit 
in x* bids b, = (rrij(l), rn,i(x*), 0, 0) and any loser 
bids the zero vector. It is straightforward to verify that 
this a Nash equilibrium. However, the strategies of los- 
ing bidders in this profile are weakly dominated, as we -r,. -. »„ ,. 
° _ Figure 1: Allocation Algorithm. 

4 It is known that for submodular valuations on identical units, the allocation algorithm of the Uniform Price 
Auction produces an optimal allocation when bidders bid truthfully. This property does not hold in the case of 
non-identical items, where only a 2-approximation is achieved [17) 



1. 


Set Xi = 0, for i = 1, . . . 


,71. 


2. 


For j — 1, . . . , k do: 






(a) i* <— argmaxi bi(xi~ 


K) 




(b) x^ <-Xi* +1 




3. 


return x 
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shall see (nevertheless, Nash equilibria in undominated 
strategies also exist [TS]). 

Apart from these qualities, an effect known as demand reduction does occur in undominated 
equilibria of this auction format. Bidders may have an incentive to understate their marginal 
increase for the j-th unit onwards, for some j > 1 pQ . This implies that equilibria in undominated 
strategies are generally inefficient. We show that, despite this effect, the Uniform Price Auction 
does quite well in approximating the optimal Social Welfare. 

Incomplete Information Setting. In Sections [6] and [7J we will move to an incomplete informa- 
tion setting, where each bidder faces uncertainty over the other bidders' valuations. In particular, 
we will assume that every bidder i € Af obtains his type/ valuation function from a finite set Vi of 
valuation functions, through a discrete probability distribution 7T; : Vi H- [0, 1] independently of 
the rest of the biddders; for any particular v S Vi we write v ~ 7Tj to signify that it is drawn ran- 
domly from distribution 7r,; . The valuation function of every bidder is private. A valuation profile 
v = (v\, . . . , v n ) G V = XjVj is drawn from a publicly known distribution 7r = x^, 7r : V i— > [0,1]. 
We write accordingly v ~ tt. 

Every bidder i knows his own valuation function Vi - drawn from Vi according to 7Tj, but 
does not know the valuation function v.i> drawn by any other bidder i' ^ i. Bidder i may only 
use his knowledge of ir to estimate v_^. Given the publicly known distribution 7r, the (possibly 
mixed) strategy of every bidder is a function of his own valuation Vi, denoted by Bi(vi). Bi 
maps a valuation function Vi € Vi to a distribution Bi{vi) = , over all possible bid vectors 
(strategies) for i. In this case we will write ~ B^\ for any particular bid vector drawn from 
this distribution. We also use the notation B^ 1 , to refer to the vector of randomized strategies 
of bidders other than i, under valuation profile v_.j for these bidders. A Bayes-Nash equilibrium 
(BNE) is a strategy profile B — (Bi, . . . , B n ) such that for every bidder i and for every valuation 
Vi, Bi{vi) maximizes the utility of i in expectation, over the distribution of the other players' 
valuations given Vi and over the distribution of i's own and the other players' strategies, 
g(i>i,w_i) That is, for every pure strategy Cj of i: 



E W-i\Vi 

b~B (,, i' w 



Ui(b) 



> E W_,|lJ; 

b_,~B w 



Ui(ci,b_ 



where we use notation E v and E w _.|. u . to denote expectation over the distribution n and over 
ir(-\vi) respectively, i.e., given Vi (instead of using Ev^^ and K vr _ i r^ 7T (.\ Vi ), since the analysis is 
always in the context of ir and ~Ki). 

Fix a valuation profile v £ V and consider a (mixed) bidding configuration B v , under v. The 
Social Welfare <SW(B V ) under B v is defined in expectation over the bidding profiles chosen by 
the bidders collectively from their randomized strategies: 



£W(B v )=E b ^ [E w '^( b )) 



The expected Social Welfare in Bayes-Nash Equilibrium is then E v ^ 7r [5M / (B v )]. The socially 
optimum assignment under valuation profile v € V will be denoted by x v . The expected optimum 
social welfare is then E v [SW(x v )], by slight abuse of notation. Under these definitions, we will be 
studying the Bayesian Price of Anarchy, i.e. the worst case ratio E v [SW(x v )]/E v [<SW(B v )] over 
all possible distributions 7r and Bayes-Nash equilibria B. 



4 Undominated Equilibria 

For the sections|4][6j we consider only bidders with submodular valuation functions, so that 77ij(l) > 
... > mi(k), for every bidder i. As already explained in Section [3j the bidding interface of the 
Uniform Price Auction requires that each bidder submits a sequence of non-increasing marginal 
bids (see e.g., the related chapters in [16] and [2T]). 
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Definition 3 The strategy space of a bidder i consists of all bidding vectors b^/or which 6^(1) > 
h{2) > ... > h(k). 

The following is then a direct consequence. 

Fact 1 For any strategy profile h, the price p(h) never exceeds any of the winning bids. 

Lemmas [T]and [2] below state two well known facts about the Uniform Price Auction with submod- 
ular bidders (see e.g. [El [21]). For the sake of clarity and completeness, we state them and prove 
them here to clarify some ambiguities and emphasize their dependence on Definition [3j Their 
proofs are provided in Appendix A. 

Lemma 1 For bidders with submodular valuations, and for any j € [k] , it is a weakly dominated 
strategy to declare a bid bi(j) with bi(j) > mi(j). 

An assumption that is recently being used in various other auction formats is that bidders do 
not overbid their value for a set of goods (e.g., 01 El [57] ) . The justification for this is that such 
strategies may be dominated by other strategies and hence should be avoided. In our context, 
this would mean that for a set of r units, < v%(r) = m i{j)- We note here that 

Lemma [T] shows that a weakly undominated strategy in our setting implies a stricter notion of 
conservative behavior than the usual "no-overbidding" assumption of the literature. 
To distinguish from the usual no-overbidding assumption, we call a bidder i who does not bid 
beyond mi(j) for any j € [k] conservative with respect to marginal bids. 

Lemma 2 In an undominated strategy, a bidder with a submodular valuation, never declares a 
bidbi(l)^Vi(l). 

We now give a characterization of a subset of undominated pure Nash equilibria, which will be 
utilized to analyze the social inefficiency in the next section. 

Lemma 3 Let b be a pure Nash equilibrium strategy profile of the Uniform Price Auction in 
undominated strategies for submodular bidders, with uniform price p(h) . There exists always a 
pure Nash equilibrium h' in undominated strategies, satisfying x(b') = x(b) and: 

1. b'^x) = rrii(x), for every bidder i and every x < Xi(h). 

2- p(b') < p(h) and p(h') is either or equal to Vi(l) for some bidder i. 

Proof. Since b is an equilibrium in undominated strategies, for every bidder i we have 6^(1) = 
Vi(l). Also, bi(x) < mi{x) for every x > 2. For every winning marginal bid bt(x) of any bidder 
i and for x = 2, . . . , Xi(h), we may set b[(x) = rrii(x) without altering neither the uniform price 
nor the units obtained by the winners under b. This is because the losing bids remain unchanged 
whereas the winning bids only increase, hence the price is the same as before. Also, the winners 
may increase some of their bids but this only affects the round at whch they win a unit and not the 
total number of the units won. Finally, the new profile is easily shown to be an equilibrium simply 
because we started with an equilibrium b. Thus the first condition b'^x) — m,i{x) for x < Xi(h) 
can be satisfied for every winner i. 

For the second condition, consider an equilibrium b satisfying the first condition. Assume 
that b is such that p(b) = bi(j), for some j > 1. If j = 1, then it must be Xi(h) = and then 
p(h) = bi(l) = i>;(l), because b is undominated. Consider the case where j > 2. Then Xi(b) > 1. 
If the value bi(j) — p(h) is unique in b, then either p(b) = 0, or i could lower all his marginal bids 
for the j-th unit and onwards to 0. This way, he would strictly increase his utility, by lowering 
the uniform price to the next highest marginal bid, which contradicts that b is a PNE. Thus we 
may assume that more than one highest losing bids of the same value exist, that determine the 
price. If none of them are equal to Vi(l) for some i, we can zero out the bids of all bidders who 
have the highest losing bid (from that bid onwards) and again obtain a bidding configuration b' 
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with a price p(b') < p(h). The new vector b' is still an undominated PNE. Although the utilities 
of all winners have increased, none of them may increase his utility more by deviating unilaterally, 
because we have not altered any of the winning bids. It is the last winning bid that will determines 
the new uniform price in case of any bidder trying to win a unit by deviating. But since there was 
no incentive to do such a deviation under b the same is true for b' too. Hence, we have managed 
to reduce the price and have some bidders zero out their losing bids. We can repeat this procedure 
for the configuration b', until we reach a a configuration satisfying the second property. □ 

5 Inefficiency of Undominated Pure Nash Equilibria 

In this section we present welfare guarantees for pure Nash equilibria in undominated strategies, of 
the Uniform Price Auction, concerning submodular valuation functions. We introduce first some 
notation, to be used throughout the section. Given a configuration b, we will denote the winning 
bids by /3j(b), j = 1, . . . , k, so that /?i(b) < /^(b) < •• • < /3fe(b). We also extend this notation to 
partial configurations b_i for any bidder i G M. In relation to this notation we prove the following 
lemma, which applies to conservative bidders with respect to marginal bids. 

Lemma 4 Let b denote an arbitrary conservative pure bidding profile and let x denote an arbitrary 
assignment of k units to n bidders. Then: y^- T^j— i 0j (b) < SW(h). 

Proof. Because J2i Xi — k and /3i(b) < • • • < /3&(b), we have: 

Xi k 

EE^( b ) < E^( b ) < E^*( b )) = sw ^- 

i j=l j=l i 

where the second inequality is due to the bidders being conservative w.r.t. marginal bids. □ 
Let x* = (a:J, . . . , a;*) be a socially optimum allocation and b be a bidding configuration 
corresponding to an undominated pure Nash equilibrium of the auction. Under b the allocation 
is x(b) = (xi(b), . . . , x n (h)). To simplify notation we use x for x(b) and Xi for Xi(h). Given any 
allocation x, define the set W(x) = {i\xi > 1} to be the subset of winners, i.e. bidders that receive 
at least one item unit. We also define 3 additional sets, Wb(x), Wi(x), W2(x), all with reference 
to x* as follows: 

Wo(x) = {i e W(x*)\xi > x*}, Wi(x) = {ie W(x*)\ Xi < x*}, 

and W 2 (x) = W(x) \ (W (x) U Wi(x)) . 

We note that given any assignment x = x(b) for a pure Nash equilibrium configuration b, 
Wo(x) U yVi(x) U W2(x) is a partition of W(x), given the assumption of undominated strategies 
about b; every winner i G W(x*) will still be a winner also under b, because of specifying his 
Vi(l) truthfully (by Lemma [2]), thus obtaining at least one unit. Hence none of Wo(x), Wi(x), 
Y\>i (x) may contain non- winning bidders of x. 

First we are going present a general upper bound on the Price of Anarchy for undominated 
pure Nash equilibria. 

Lemma 5 Let b denote any undominated pure Nash equilibrium of a Uniform Price Auction for 
k units and x* be an assignment that maximizes the social welfare. The Price of Anarchy is: 

PoA < sup max 

b i:x* —Xi(b)>0 



The proof of the lemma is given in Appendix B. We can now present our constant bound on the 
Price of Anarchy: 



Vi(x*) ■ Vi(xi(b) 



'-Xi(b) 



&(b) 



(1) 
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Theorem 1 The Uniform Price Auction recovers in undominated pure Nash equilibrium a frac- 
tion of at least 1 — e _1 of the optimal Social Welfare, for multi-demand bidders with symmetric 
submodular valuations. 

Proof. Without loss of generality, it suffices to upper bound the social inefficiency of undomi- 
nated equilibria satisfying the properties of lemma [3j Let p(b) be the uniform price payed under 
equilibrium b, i.e. the value of the highest losing (marginal) bid. In order to estimate a lower 
bound on the Social Welfare of b, we consider possible deviations of players i £ Wi(x(b)). We 
may assume that Wi(x(b)) ^ for, otherwise, Wo( x (t>)) = W(x*) and b is socially optimum, i.e. 
SW(b) = SW(x*). 

For every player i £ Wi(x(b)), define rj(b) = x* — Xi(h). For every bidder i G Wi(x(b)) and 
for every value j = 1 , . . . , ?"i(b), there exists a deviation that will grant him j additional units to 
the ones he already wins under b; this is justified by the fact that at equilibrium b, all bidders 
play marginal bids at most equal to their true marginal valuations. Since, the optimal assignment 
results from a simple sort of the real marginal values, every winner i E W(x*) may feasibly deviate 
under b so as to obtain a total number of units between Xi and x*. A deviation of i € Wi(x(b)) 
for obtaining any number of j = 1, . . . , ri(b) additional units will raise the uniform price to exactly 
/?j(b) (using lemma [3]) and cannot be profitable for z, i.e.: 

Vi(xi(b)+j) - ( Xi (b) + j) -^(b) < Vi {xi{b)) - Xi {b) -p(b) 

To simplify notation, we use hereafter Xi for Xi(b), p for p(b), ri for rt(b), and j3j for /3j(b), 
(always with respect to an undominated pure Nash equilibrium b). 
Then we deduce that for every i 6 W(x*): 

fa > — ^ — • (vi(xi + j) - Vi(xi) + Xi ■ pY for j = 1, . . . , n (2) 

J 1 Xi V / 

We can now proceed to upper bound (fTl) from lemma pi using pi) as follows: 



r i r i 

v l {x i ) + ' S ^ j Pj> Vi(xi) + ^2 — — • (vi(xi +j) - Vi(xi) 
3=1 j=l 3 Xl 

j Vj(Xj Vi{Xj) 

j + Xi j 



Vi(Xi) + Y^ 
3=1 

Vi(x*) - Vi(Xi) ^ j 



> Vi(xi) + 



= Vi(Xi 



= v l {x*) 







Vi(x*) 


- Vi{Xi) 


x i 




Vi{x*) 


- Vi{Xi) 



Xa Xi X% 



•E — 

3 + x i 



1 

E — 



X* 



) -Vi{x*)> (1 - er 1 ) ■ Vl (x*) 



x * 1 \ 

-dy ■ Vi{x*) 



Xi Xi 

1 H Tn — 

x* x* 



(3) 



(4) 



(5) 

(6) 
(7) 



|3]) occurs by substitution of /3j from ^ and after dropping the Xi ■ p > term. (J4J) follows by 
submodularity of the valuation functions, particularly that ^'^' +J j~ I '' ( - a: '- ) > v ^ x ^}~^ x ^ ; f or anv 

j = 1, . . . , ri where 7*j = x* — Xi . For ( 6 ) we used < v, (?j I ; given Vi (0) =0; we bounded 
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the sum of harmonic terms with the integral, using X)fc= m /(^) — Im-i f( x )dx, for a monotonically 
decreasing positive function. We obtain the final result by minimizing f(y) — 1 + j/lny over (0, 1) 
for y = er x . The claimed bound for the PoA follows by lemma [5| □ 

We will produce an almost matching lower bound for the result of theorem [I] which holds for any 
number of units k > 9. We pause here to discuss first a simple tight example for the case of 3 
units. 

Example for k = 3. We give a simple lower bound of j|. Consider 3 item units and 3 bidders, 
with valuations V\(x) — x, V2(x) — |, Vs(x) = |. The socially optimum welfare is 3, where bidder 
1 gets all the units. Consider the pure Nash equilibrium configuration bi = (1, 0, 0), b 2 = (§, 0, 0) 
and b3 = (|,0,0), for j — 1,2,3. None of bidders 2 and 3 have incentive to change their bid, 
as their utility cannot improve. Should bidder 1 raise 6i(2) = to &i(2) > §, he would win one 
more unit additionally to xi(h) = 1, but pay xi(b') X | = 1, thus not improving his utility. If 
bidder 1 would raise 6i(2) = to &i(2) > § and h (3) = to &i(3) > §, he would still not improve 
his utility; it would be ui(b') = vi{xi(h')) — Xj(b') x|=3 — 3 X | = 1 = «i(b). The Price of 
Anarchy in this example is y|. 

A similar example for k = 2 and, v\{x) — x and V2(x) — \ yields a Price of Anarchy of |. Both 
these examples can be shown to be tight, by explicit treatment of ^ and usage of submodularity. 
The following more general lower bound is valid for at least k > 9 units. For the remaining values 
of k in between, ^ does not seem to yield a tight upper bound (and we do not have simple lower 
bounds). 

Theorem 2 For any k > 9, the Uniform Price Auction recovers in undominated pure Nash 
equilibrium at most a factor (1 — e~ l + |) of the optimum social welfare, even for 2 submodular 
bidders. 

Proof. Consider k > 9 units and 2 bidders. For q = [e^ 1 ■ k — lj (notice that q > 1) define the 
valuations to be: 



Vi{x) = x and v 2 (x) 



x - q ■ (H k - H k - X ) x<k-q 
k — q ■ (1 + H k - H q ) x > k - q 



where H m is the m-th harmonic number. Notice that the marginal values of bidder 2 are equal to 
for x > k — q. It can be verified that vi is symmetric submodular in x: 



X 



„M -,-,.(*- =£(1- ^ ^ £ 

3=1 V 3=1 

where r = fc-g. Then £=|±i < = , thus t; 2 (g) - v 2 (x - 1) < v 2 (x - 1) - v 2 (x - 2), 

for x <k — q] for x > k — q, Vzix) = v 2 {x — 1), thus v 2 is submodular. 

For the optimum social welfare we grant all units to bidder 1, i.e. x — (k, 0, . . . , 0) and obtain 
a total welfare of SW(x*) = k. For the equilibrium configuration b we set: 




b 2 (j) = 




r for j < r = k — q 

for j > r 

Thus, under b, q units are obtained by bidder 1 and k — q units to bidder 2. We show that b 
is a pure Nash equilibrium. Notice that bidder 2 is essentially truthful in this profile and may not 
increase his bids further so as to obtain another unit (given that he plays undominated strategies). 
On the other hand, the uniform price is in this setting, so player 2 does obtain the maximum 
of his utility for the won units. Player 1 also pays the uniform price of 0, so he does not have 
incentive to drop any of his units. Should player 1 try to retain any j < r of the r — k — q units 
held by player 2, the uniform price would become k _ 3 r+ j and bidder 1 will hold a total of k — r + j 
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units. The marginal gain from bidder 1 obtaining the extra j units is cancelled out by a total 
payment equal to j; thus bidder 1 does not have incentive to deviate under b. 
For the social welfare of b we have: 

SW{h) = v 1 (q)+v 2 (r) = q + r-q-(H k -H^j 

= fc - g • (fl* - JZ,) = k ■ (l - f • {H k - H q f) 
Then, the Price of Anarchy is at least: 



k-[l-l-(H k -H q \ 



q 
k 



Hk — H q 



- 1 k-2 f k 1 , \ / e~ 1 -k-2 , k 



- | I — • / -<U, I = ( I z In 

2 



i v ) V k l e ~ lk - ij + 1 



> 



where we used Hk — H q = ^2^=q+i p > Iq+i y^H — Iq+i ~dy, for monotonically decreasing positive 
functions; the final derivation follows by q + 1 < e _1 • k and |_e _1 fc — lj + 1 > e _1 fc □ 



6 Bayes-Nash Inefficiency with Undominated Support 

In this section we investigate the social inefficiency of (mixed) Bayes-Nash equilibria for bidders 
with submodular valuation functions. Just as in the case of pure equilibria we focused on undom- 
inated strategies, in this section we will focus on mixed Bayes-Nash equilibria that are supported 
by pure undominated strategies. Following [HE], to ensure the existence of mixed Bayes-Nash 
equilibria, we make the assumption of a finite bidding space for bidders under sufficiently fine 
discretization. We claim that such mixed Bayes-Nash equilibria supported by undominated pure 
strategies exist for the case of bidders with submodular valuation functions. 

Indeed, consider a Bayesian game where the strategy space of each player is bounded (e.g. of 
the form [0, U], where U is a sufficiently large upper bound on the values of all bidders) and finite, 
through some sufficiently fine discretization. 

We first claim that in our setting there always exists a Bayes-Nash equilibrium where all 
strategies used in its support are not weakly dominated. Then we will claim that these strategies 
are conservative w.r.t. marginal bids. To argue about these statements, we use two well known 
facts from game theory. 

The first one is that a Bayes-Nash equilibrium B can be seen as a Nash equilibrium of a 
complete information game (see e.g. [35] [Chapter 9]), where the set of players is the set of pairs 
(i,Vi) for every i = 1, ...,n and Vi € Vi, and the strategy space of player (i,Vi) is the same as the 
strategy space of i in the Bayesian game. For a given mixed strategy profile B in this game, the 
utility function of player (i,Vi), denoted by u^(B), is: 

u?(B) = E v _ i)b ^ B(0i , v _ i) [m(b)] = Yl J ( v -i)V B c«-i) [h(M 

Note that the utility of a player (i, Vi) does not depend on the action of other pairs that involve 
i, (i.e., on the other types of player i). Since this complete-information game is a finite game it 
possesses a mixed Nash equilibrium. It is well known that in any finite game there always exists a 
mixed equilibrium where no weakly dominated action is contained in the support of each player's 
strategy (see [26J [Section 4.4]). Putting everything together, we have that there always exists a 
Bayes-Nash equilibrium where every strategy used in its support is not weakly dominated. It 
is an easy exercise to verify the validity of Lemma [l] for a sufficiently fine discretization of the 
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strategy space and that Lemma [2] holds, for any such discretization that does not exclude the 
actual marginal values from the bidders' strategy space. 

We introduce some auxiliary notation for the analysis that follows. For any valuation profile 
v e V let x v = (xj, . . . ,Xn) denote the socially optimum assignment. For any particular bidder 
i G AT let W C V denote the subset of valuation profiles v e V where xj > 1, i.e., W = {v £ 
V\xJ > 1}; these are the profiles under which i is a "socially optimum winner". Accordingly, we 
let W v denote the subset of "socially optimum winners" in valuation profile v 6 V. Given any 
(pure) bidding profile b, we use the "operator" /3j(h), to denote the j-th lowest winning bid in b, 
as in section [5l The following lemma will serve a purpose in the proof of theorem [3] similar to that 
one of lemma^H] in the previous section. It is a essentially a much more detailed analogue. 

Lemma 6 For a valuation profile V, let b denote an arbitrary pure bidding profile in undominated 
strategies, p(h) be the uniform price under h and let x* be the efficient (socially optimal) assign- 
ment of k units to £ < k winning bidders w.r.t. v. Fix an arbitrary ordering of the £ winning 
bidders under x* and define ti — , i = 1, ■ ■ ■ , £■ Then: 

£ *< • & Cb-0 < Kb) + ^ • SW(h) (8) 



Proof. For the winning bidders i = 1, ... ,£ we have x* > 1. Define = J2j<i x j- First, we 
prove by induction on i that: 

£ VA i (b- J -)<A 1 (b-i)+ 5] ^( b ). (9) 

l<j<» l<j<Xi-l 

For the basic step of the induction, consider i = 1; then: 

h • Pa (b-i) < (b_i) + (ti - 1) ■ f3 tl (b) (10) 

2ti-2 

</3 tl (b-i)+ 53 ft(b) 

3=ti 

= p tl (b- 1 )+ 53 ft(b) 

For the inductive step, assuming Q holds for « > 1, we show it remains true for i + 1. We have: 



j<»+i 



j"<i 



</3 tl (b-i) + 53 &(b) + (t i+1 -/3 i4+ x(b) 



(11) 



At this point we consider two cases: 
(i) A i+1 (b) < /3x 4 -i(b). Then & i+1 (b) < ^(b), for j = X t - 1, . . . , (X, - 1 + < +1 ) = X m - 1. 



Because = 



, the result continues to hold trivially. 



(ii) ft j+1 (b) > /3 Xi -i(b). If 5ct +1 is even, then A i+1 (b) < /8x 4 -i+j(b), for j 



'!)•••! x i+v 



If cc* . ! is odd, then, because Pt i+1 > /3x"j-i(b), it must hold that /3 ti+1 (b) < ^Xt-i+jO 3 ), for 



'-i+l • 



Thus, continuing from (111 we have: 



Ai(b-i)+ 53 /3 J (b) + (t i+1 ./3 ii+1 (b)) < / 3 tl (b_ 1 )+ 53 &(b) 



(12) 



j<Xi-l 



j<Xi+i-l 
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which proves Q for i = £, thus, Xg = k. 

Now observe that, since bidder 1 has x\ > 1, he must be a winner of at least one unit also 
under b, because he bids an undominated strategy with 6i(l) = Also, &i(l) > f3 x *(h), i.e., 

6i(l) is at least the irj-th bid in /?i(b), . . . , /3fc(b). This holds because bidder 1 can in principle 
obtain all x* units, by raising his marginal bids 61 (j) to as well, for j = 2, . . . , x*. Then it 

follows that /3t 1 (b_i) < (3 tl -i(h). Thus, we can conclude that, if Xi(h) = 1, we have: 

/3 tl (b_ 1 ) = /3 1 (b_ 1 )<p(b) and £ &(b) < SW(h) - &(b). 

i<j<fc-i 

If, however, xi(b) > 1, it may occur that /3 tl (b_i) >p(b), but still /3 tl (b_i) < (3 tl -i(b). Then: 

ft 1 (b_ 1 )+ X! &(b)<SW(b)-&(b). 

l<i<Xi-l 

In either case (|sj) is proven, because /3fc(b) = maxi<j<fc (b) = t>i(l) > \ ■ SW(b), for some 
bidder i (and because b is undominated). □ 



The following lemma facilitates the expression of BNE conditions regarding unilateral devi- 
ations, and has been proved in a different form and under a different context (for simultaneous 
single- unit auctions with combinatorial bidders) also in [5j |2] . 

Lemma 7 For every bidder i £ Af with submodular valuation Uj define the bidding vector mj^ = 
(mj(l), mj(2), . . . , rrii(J), 0, 0, . . . , 0) . For any conservative bidding profile hi, and for any number 
of units j: t^(m| J ' ] ,b_<) > v,(j) - j ■ 0j(b-i). 

The proof of this lemma for our setting is given in Appendix C. Then, we can show the following: 



Theorem 3 The Price of Anarchy of Bayes-Nash Equilibria with undominated support in Uniform 
Price Auctions with submodular multi-demand bidders is at most 4 — r . 

Proof. Consider a Bayes-Nash equilibrium B. Fix any valuation profile v = (uj,v_,) € V and a 

bidder i £ W v . For tj = \ , and for any valuation profile w_j £ V_j and strategy h i ~ B_^ 

we apply lemma [7J Then, we take the expectation over the randomized strategies of the other 
bidders and, subsequently, over all valuation profiles w_j £ V_;, to obtain: 



E v 



E 



> 



-E v 



E 



b~B v 



E b_,~B™r[/%( b -)] 

tr-Ay(b-i)]] (13) 



The second inequality is justified as follows. By independence of Wi, we have ^""^ 7r(w_j|^) = 

7r(w_t|^) 7Tj(«i) = y^7r(w_j|t)t)7ri(^) = 1 = y^7r(w). Also, by submodularity 

(proposition l| and monotonicity of valuation functions: Vi(tJ) = > ^Wi(x^). Because 

E Bbk 



under BNE 



bidder i does not have incentive to deviate: 



E 



Vf — i\Vi 



E 



b~B^ 



Mb)] 



> E 



w — i \Vi 



E b_-B w r'["i( m i . b -0 



Thus: 



E. 



E 



b~B 



<-..-_«) [«i(b)] 



-E v 



E 



b~B" 



*?-Ar(b-0 



> 



Vi(xJ) 
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We take expectation of both sides over the distribution of v € W and summing over all bidders 
yields the final expression: 



E 



i(b) 



5] ]T tt(v) • E, 



E 



b~B w 



> E E 

i veu i 

= E-wE 

v ;ew v 



V -M1= 1 -E V [SW( X V )} (14) 



We show in Appendix C that the first summand of the left-hand side of ( 14 ) can be upper 
bounded as follows: 



£ £ 7T(v)-E w _ iN 



E 



b~B ll 'i 



«i(b) 



< E v 

b~B v 



E w *( b ) 



(15) 



Similarly, we have for the second summand on the left-hand side of (14): 



E ^ • £ v 



E 



b~B" 



t? ■ Ay(b-0jJ = E E 7r ( v ) E ^( w ) • E b~Bw [tj ■ %(b 

j vgu" wev 

= E^( v ) E E^ w )- E ^Bw[ir-%( b -) 

vev %ew v wev 

= E 7r ( v ) E *w • e ^b- 

wev 

E *r-Ar( b -o 



vev wev 



E *r-%( b -i) 

Uew v 



< E v 

~~ b~B v 



(16) 



By (|15J), (|16J) and (|14|, we obtain: 

5>(b)+ ^ tr-%( b -) 



E v 

b~B v 



> -E v [S^(x v )] 



To finish the proof, we substitute the second sum inside the expectation by its upper bound as 
given by lemma [6] in ([8| . Notice that p(b) appearing {[sj) is absorbed by the payment appearing 
in the utility u,-(bj of at least one bidder. Thus we obtain: 



E v 

b~B v 



^(siCb)) + ^- r W(b) 



> -E V [SW( X V )} 



which essentially completes the proof, by ^ Uj ( Xj(b) J < SW(b). 



□ 



7 Inefficiency for Subadditive Valuation Functions 

In this section we examine the social inefficiency at (mixed) Bayes-Nash equilibrium for bidders 
with subadditive valuation functions. For this class of valuation functions we do not know if the 
auction does have a pure Nash equilibrium in the complete information setting. To the best of our 
knowledge, and as mentioned by Milgrom in [21] , there has been no previous study of the Uniform 
Price Auction with bidders associated with valuation functions other than (symmetric) submodu- 
lar. The nice structure of undominated strategies identified for submodular valuation functions in 
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Section [4] falls apart, for subadditive valuation functions. In particular, the properties specified by 
lemmas [T] and [2] are not even compatible with the auction's rule of non-increasing marginal bids. 
To study the auction's economic inefficiency for bidding profiles that ensure individual rationality, 
we make the standard "no-overbidding" assumption of conservative bidders, that do not overbid 
their value for any possible quantity of units [5] 12 1X4] . In particular we assume that every mixed 
strategy of every bidder in a Bayes-Nash equilibrium is supported by conservative pure strategies 
within which overbidding does not occur. Formally: 

Definition 4 A bidder i in a Uniform Price Auction for k units of a single good is conservative, 
if his strategy space consists of (pure) bid vectors b satisfying Y^j=i — v i( r ) f or r = 1, . . . ,k. 



The assumption of conservative bidders, along with the fact that (marginal) bids are required 
to be non-increasing (as a rule of the auction), transfers to the bidders the responsibility of 
" compressing^ their valuation functions into a symmetric submodular bid vector. This effect of 
the restrictions of the bidding interface was also observed explicitly in [5] and is present in [5J [2] , 
where - in a combinatorial setting with multiple distinct goods - bidders had to similarly compress 
their (fractionally) subadditive valuation functions into an additive bid vector. Finally, to ensure 
the existence of mixed Bayes-Nash equilibria, we make the assumption of a finite bidding space 
for bidders, by using a sufficiently fine discretization, much like in [51 [5]. 

To facilitate the expression of possible strategic deviations in our analysis of the (mixed Bayes- 
Nash) Price of Anarchy for subadditive valuation functions, we use an adaptation of a very recently 
shown lemma, by Feldman et al. in [11 (Lemma 5). The authors showed the result in the context 
of simultaneous item auctions, to improve on the logarithmic inefficiency bound of Bhawalkar and 
Roughgarden [2]. 



Lemma 8 For any distribution V of a bidding configuration b 
Vj, there exists a conservative bid vector hj such that: 



and any subadditive valuation 



E 



b_;~"P 



u i ^x i (b i ,b_. 1 )^ - ^2 b i(J) > 7^ v i( x ) ~ Eb_ t ~-p 



l<j<x 



(17) 



for any x £ [k]. 

The proof of this result is very similar to the proof shown in |llj and is given in Appendix D. 
We can now show that: 



Theorem 4 The Bayes-Nash Price of Anarchy of a Uniform Price Auction with subadditive multi- 
demand bidders is at most 4. 

Proof. Consider a Bayes-Nash equilibrium B. Fix any valuation profile v = (uj,v_,) £ V and a 
bidder i £ W v . Take an arbitrary valuation profile w_j ~ 7r_; and any bid vector b_i ~ B w ^ ! . 
Assume that bidder i deviates according to the particular bidding vector b^ identified in Lemma[8j 
for x — xj. Denote by pj(b_,, b_j) the uniform price that occurs from this deviation of i. Then: 



Ui(bi,b-i) = Vi[xi(bi,b-i)j 
> Vi ^.T i (b. J ,b_ i )^ 

We take expectation over the randomized strateg: 
profiles w_i £ V-i to obtain: 



Xi(bi,b_j) • p(bi,b-i) 

E&iOO (is) 

3=1 

of the other bidders and over all valuation 
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E W _ 4 | U< [ui(bi,b-i)} >E w _.| Vi 

b_ i ~B W r i b_i~B™; 



>^-E 



> 



2 



3 = 1 

X>(b-i) 



-i\Vi 

b_;~B w : 



-E w 

2 b~B v 



where the second inequality comes from application of lemma [8] for x = xj and the third one by 
/3y(b_j) < (3j(b) and by independence of m, i.e., X) w _ T( w -t|v<) = 1 = 5Z W tt(w). Because under 
BNE B bidder i does not have incentive to deviate: 



E 



W_ , \vi 



Thus 



E b~B<"" w ->M b )] 

, by Vi(xi(b)^ > Ui(b): 



> E 



E 



b_i~B . 



E. 



W — i \Vi 

















E b~B<"- w -<> 


vt^x^b)^ 




+ E W 




X>( b ) 





> 



Vi(xJ) 



Taking expectation of both sides over the distribution of v G W and summing over all bidders 
yields the final expression: 



E E «■(▼)• Ew-ilvi K-BK.w-^KMb))] 

+E E ^ v )- E 



E^( b ) 

j'=l 



> E E 



E b ^ B - 



E-w E 



E v [,SW(x v )] 



(19) 



In a similar manner to the proof of theorem [3j we can upper bound each of the left-hand side 
terms by E W [SW(B W )]. In particular, for the first summand we obtain by the same manipulations 
as the ones presented in Appendix C: 



E E 7I "( V ) ' E w-i|u 4 E b~B<^»-*>[^( X i( b ))] 



< E v 
~~ b~B v 



veu* 



E u ''( x *( b )) 



= E v [SW(B V )} 



For the second summand, accordingly, we obtain by similar manipulations to the ones used in the 
proof of theorem [3j 



E b . 



E^( b ) 



= E 



b~B v 



E Ew 

tew 3=1 



which is at most E v [SW(B V )], by usage of lemma [4] The result follows. 



□ 



We give a lower bound of almost 2. Although our bounds are not tight for the case of subadditive 
valuation functions, we believe that 2 is the correct answer for the social inefficiency of the auction 
in this case. 
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Proposition 2 The Uniform Price Auction for k units and conservative subadditive bidders has 
Price of Anarchy at least . 

Proof. Take n = k bidders with value functions Vi(x) = e for i > 3, x > 1 and: 



f \ f 1 l<x<k-l . . 1 

V 1 (X)={ 2 ^ k , V 2 ( X ) = -fOTX>l 

The socially optimum assignment grants k units to bidder 1 and has value 2. Consider the 
equilibrium bi = (1,0, ... , 0), b 2 = (£, 0, . . . , 0) and b^ = (e, 0, . . . , 0), for i > 3. Every bidder 
obtains 1 unit under b and the uniform price is 0. This is a pure Nash equilibrium because 
bidders i > 2 do not have any conservative deviation to obtain additional units and no bidder 
has an incentive to drop their won unit. Bidder 1 may deviate to win all units, by bidding e.g. 
b^ = (jzy, • • ■ , feZi)' but he will pay a uniform price ^ for each of the k units, thus not 
improving upon his utility of 1 under b. The social welfare of b is 1 + ^ + (k — 2) • e which tends 
to as e -> 0. □ 
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Appendix A: Omitted Proofs from Section [4] 



Proof of Lemma Q] 

Fix any bidder i with a submodular valuation function Uj and consider a bidding vector b, = 
(bi(l), . . . , bi(k)) of i, where bi(l) > bi(2) > ...bi(k), as required by the bidding rule of the auction. 
Suppose that for some j, bidder i overbids the marginal value for the j-th unit, i.e., bi(j) > rrii(j). 
We will construct a bidding vector and we will show that h[ weakly dominates b^. We define 
h\ as follows: fe^(r) = h(r) for any r < j — 1, and b'^r) — nii(r) for every r > j. Note that this 
is a valid bidding vector for the auction. We show that: for every b_i, Ui(b^,b_i) > u;(bi,b_i) 
and the inequality is strict for at least one vector b_^. 

For a configuration b_^ of the other bidders, let p(b) denote the uniform price under b = 
(bi,b_i). We start first, with configurations b_^ for which j > Xi(h). In this case, if bidder i 
plays according to b^, he will retain at least the same utility, because bi(j) does not grant him 
any unit and neither does rrii(j). Hence, he will keep winning under b^ the same number of units 
and if his j-th bid was the price-setting bid, the price may even decrease and he will be strictly 
better. Consider now configurations b ; for which j < Xi(h). We examine the following subcases: 

(I) : p(b) < m.i(xi(h)). Then, by playing b^, bidder i will still win the same number of units as 
before. The price under (b^, b_^) will either remain the same or may decrease in the case that 
the price-setting bid was an overbid by bidder i. 

(II) : p(h) = rrii(xi(h)). In this case, various scenarios may occur depending on the possible 
configurations for b_;, and on the possible appearance of ties. First, by switching to b^, bidder 
i will either win the same number of units as before, or he may win less if some tie is resolved 
against him. In the cases that he wins the same number of units as in b, it is easy to see that the 
price has either remained the same or it may even have fallen (e.g., if the price-setting bid in b 
was bi(xi(h) + 1) > nii(xi(h) + 1), and this was reduced in h' { to m^a^b) + 1)). Hence bidder 
i has at least the same utility as before. In the cases where bidder i wins less units, the only 
possibility is that the price has remained the same and it is only because of ties that i lost some 
of his previously won units. But then for the units that he lost, their marginal value is the same 
as the price, hence bidder i will still have the same utility as before. 

(III) : p(h) > mi{xi{h)). Then in b, i overpays his marginal value for at least one won unit; in 
this case bidder i can switch to h[ and strictly increase his utility. To see this, note that under 
(b^,b_.;) bidder i will still win the units that give him nonnegative utility (i.e., have marginal 
value at least p(b)), and he will lose only units that he could not afford anyway. 

Conclusively, overbidding any marginal value is a weakly dominated strategy for every bidder i.O 
Proof of Lemma [2] 

By Lemma [T] undominated strategies are conservative w.r.t. marginal bids, thus no bidder may 
exaggerate his bid for the first unit. Let b^ denote such a bidding vector for bidder i, where 6^(1) < 
TOi(l). Let b- denote the bidding vector where b'^l) = m^(l) and 6-(j) = &i(j), for j = 2, . . . , k. 
For any configuration b_^ due to all other bidders, we show that: Ui(b' ; ,b_i) > Ui(b' i; b_i) and 
the inequality is strict for at least one such b_^. 

If Xj(bj,b_j) > 1, bidder i will maintain his allocation and his utility by increasing &^(1) to 
TOi(l) = 6^(1). If Xi(hi,h-i) = 0, then an increase of 6i(l) to m,i(l) = 6^(1) will either maintain 
the utility of i to (if the current minimum winning bid is at least equal to mi(l)), or increase it 
(if the current minimum winning bid is less than rrii(l)). In the latter case, i wins one unit and 
the minimum winning bid of (bi,b_i) becomes the new uniform price that i pays exactly once. 
Conclusively, bidding &.;(!) < Vi(l) is a weakly dominated strategy. □ 
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Appendix B: Proof of Lemma | 



Let b be any pure Nash equilibrium configuration in undominated strategies. For simplicity we 
use Xi for a^(b) and (3j for j3j(h), j = 1, . . . , k. For SW(h) we have: 



SW(h) 



Y Vi(Xi) + ^ v i( x i) + E Vi(Xi) 

iew Q (x) ieWi(x) iew 2 (x) 



E < x i)+ E ( v i( x i)- v i( x *i))+ E < x i)+ E v ^ ( 2 °) 



i6W (x) 



ieWo(x) 



»eWi(x) 



i6W 2 (x) 



> 



E v i( x *i)+ E E rn l (j)+ J2 v i( x i) + E E TO ^') ( 21 ) 

ieWo(x) ieWo(x) j=i+x* ieWi(x) iew 2 (x)i=i 

Y ^)+ £ £ ^ 6,0-)+ y X>oo ( 22 ) 

ieWo(x) ieWi(x) iew (x)3=i+i,' »gw 2 (x) j=i 



where (20) emerges simply by analyzing X)ieWo(x) v i( x i) an( i by definition of VVo(x), (21 ) emerges 
by subsuiuting the appropriate sum of marginal values for the extra value obtained bybidders in 
Wo (x) and W2 (x) and ( 22 ) emerges by the property of undominated bidding strategies given by 
lemma [T] 

Now observe that for every unit missed under b by any bidder i £ W(x*) n Wi(x), there must 
exist some bidder i' G Wo(x) U Wa(x) that obtains this unit. If i missed x* — Xi > units in pure 
Nash equilibrium b, there are at least as many bids issued by bidders in Wo(x) U W2(x), who 
obtained collectively these units. The sum of these bids cannot be less than the sum Y^jLi*' Pj 
of the x* — Xi lowest winning bids in b, (recall that (3j — j3j(h)), j = 1, . . . , x* — Xi. That is: 

E E E w) + E i>c?) 

• eWi(x) J=l iGWo(x) J = l+rr* !6W 2 (x)j=l 



By (22) we obtain: 



zSWo(x) i£Wi(x) J=l 

We notice that Wo(x) and Wi(x) are a partition of W(x*), thus for 5W(x*) we have: 

W(b*) = £ v i (x*)+ Y ViM) 
ieWo(x) ieWi(x) 

By p3l) and pi) we obtain Q. 



(23) 



(24) 



□ 



Appendix C: Omitted Proofs from Section [6] 
Proof of Lemma [7] 

Fix any player i. For any bidding configuration b_^, we let /3i(b_j) < ••• < /3fc(b_j) de- 
note the winning bids, if i was not present, in non-decreasing order. Fix also the index j 
(1 < j < k), and using the submodular valuation function Uj of i, define the bidding vector 
mf 1 = (m i (l),... ! m i (j),0,...,0). 

Assume that bidder i has won s units in the configuration (m|^,b_j). Obviously s < j. Let p 
denote the price that he pays for these units. In the case that s = j, p = /3j(b_i), and the statement 
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of the Lemma trivially holds. In the case that s < j, we have that p = max{rrii(s + 1), /3 s (b_i)}. 
This is because the highest losing bid may be either the next bid of bidder i (i.e., rrii(s + 1)), or 
the highest losing bid in b„j, which is /3 s (b_i). This implies that p < /3j(b_i). Thus we can derive 
the following bound on the utility of bidder i: 

Ui(rr4 jI ,b_j) > Vi(s) - s ■ Pj(h-i) 

> Vi(s) - s • /8j(b_i) + J2( m '( s + r ) - ft ( b -*)) 



= v ii s ) + ^rriiis + r) - j ■ /3,-(b_j) 

r=l 

= Vi(j) - j ■ Pj(b-i) 

The second inequality above holds because m,i(s + r) < mj(s + l) < /3j(b_j) for all marginal values 
beyond the s-th one. This completes the proof. □ 

Omitted Part of Proof of Theorem [3] 



Consider the first of the two summands of (14). We explain the derivations below. We substitute 



Ei£ v ew< 7r ( v ) with E v E; e w- 7r ( v ) and E w_i|«i with E W _,£V_, ^(w-iK); t0 obtain (26) 



E ^(v)E w _ s |' U .[ ]E b~B(— )N( b )l 

= ^ 7r ( v ) XI X 7r(w_i|ui) •E b ^ B („ l ,w_ l) Ui(b) 
vev iew v w_,eV-, 

i -UiSVi v_i£V-, w_,eV-i 

= E E ^("^ X ""(W-ibi) - E b~B^' w -»» w «( b ) 

<Z) 7r ( V )S E b~BC*.--i)[«i( b ) 



vev 



£>(b) 



(25) 
(26) 
(27) 

(28) 
(29) 

(30) 



To obtain (27), we extend the sum over i 6 W v to a sum over all bidders i <E A/", with the under- 



standing that non-winners in valuation profile v contribute only to the social welfare. We move 
Y,, to the front and analyze £ veV tt(v) to X ""(v-i) X 7r *( t ' i ) = X 7r ( v -»l t, *) 7r ( u i)' 



For (281 we moved J2 V , eV ir(v_i\vi) all the way to the right and observe that it equals 1 by 



independence of the valuation distributions. Finally, we obtain ( 29 ) by condensing: 



w_i6V_i 



into Evgv 7r ( v ) and moving ^\ to the right, to sum over the expected valuations of bidders for 
every valuation profile v £ V. 
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Appendix D: Proof of Lemma [8] 



Given the distribution V of h^i , we define the distribution T> of the k highest bids in b_i , ft (b_ j ) < 
• • • < fts(b-j); m the sequel we use simply ft, j — 1, . . . , k, without a reference to b_^. Each of 
these is a potential uniform price that i might need to pay, depending on his own bid bj . Moreover, 
we can assume that i competes against the bid vector (3 = (ft-,ft_i, ■ ■ ■ , Pi) (we abuse slightly 
here and in the sequel the notation 'ft without subscript, to denote a vector) and need not bother 
with bids that are smaller than the fc highest. Fix any such vector f3 from the support of T> and 
let T C [x] be a maximal subset of indices, such that: J2jer ft > Let T" — [x] \ T. Then, 

we claim that: 

Eft 

Indeed, if there exists a subset R C T' with YljenPj ^ then, by subadditivity of Vi and 

monotonicity: 

Vi(\RUT\) < Vi(\R\)+Vi(\T\) < Eft + Eft = E & 

3 £R j£T jGflUT 

which contradicts the maximality of T . 

Now let us define as ft the vector that is made up from the set of bids {ft \j G [k] \ T} in non- 
increasing order (the remaining \T\ trailing components of ft are set to zero). Let V denote the 
distribution of such vectors ft. For any arbitrary bid b^, we observe that Xi(bi, ft) < Xi(hi, f3) + \T\. 
Thus, Vi(xi(hi, ft)) < Vi(xi(hi, ft) +Uj(|T|), by subadditivity and monotonicity of Vi. Using 
Ei< 3 -<a; ft - Ejst' Pi = Ejexft ^ v ii\ T \)i we obtain: 



Vi(xi(bi,pj) + E ft ^ ^(^(b 4 ,ft)) + e ft 



(31) 



l<j<x 



j£T> 



Thus: 



E 



Vifxiib^p)) + E ft 



l<j<x 



> E 



v i (x i (b i ,p')) + Eft 



(32) 



Now consider b; being drawn from the following distribution, 2?", that is made from T> (defined 
above), as follows: for every bid vector /? ~ V there is a bid vector ft' ~ I?" containing only 
the bids {ft|j G T"} in non-increasing order; the remaining k — |T'| components of ft' are set to 
zero. For the analysis that follows, it is important to note that there exists a (similar) appropriate 
"truncation'' of any bidding vector c' ~ V that yields a vector c" G T>" ( the distribution that hi 
comes from). By (32): 



E 



b;~X>'- 



> E 



E 



E 



bi~X>'' 



bi~X>" 



E 



E 



Vi(xi(bi,pfj + E ft 

l<j<a; 

^(^(b^ft)) + Eft 
(^(b,,ft) 



jer> 





E 




l<j<x 



(33) 



Next we notice that: 



21 



E 



b;~-D" 



-E 



E 



E 



c'~X>' 



E 



2-v i (x i {h i ,p l ) 
Vifxiic",^ +v i (x i (j3",c' 



E 



■E 



c'~X>' 



E 



P>~T>> 



2-v i (x i (c",P') 
Vi(x0",c') 



(34) 



E/3'~i>' K(z)] 



(35) 



where from ( 34 1 onwards we use "on the fly" the appropriate truncation of vectors c' ~ 27' noted 



previously, to obtain c" ~ 27". The inequality in the last line follows from subadditivity of Vi and 



Xi(c",j3') +Xi(0",c') > x. Thus, putting (|33J) and ( |35| ) together, we derive: 

Viix) 



which is equivalent to 



v;(x 4 (b t ,/3)) - ^ 6,(j) 



l<j<z 



> 



— E 



E ^ 

l<i<a 



E 



b;~X>'- 



E b _«~7> [^(^(b,,/?))] - ^ bi(j) 



l<j<x 



Vi(x) „ 



E ft( b - 

l<i<a; 



and there exists at least one hi ~ 27" satisfying the stated inequality (17) 



□ 
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